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Throughout this paper, /c is a field of characteristic zero. In this paper we 
consider the following three prehomogeneous vector spaces 

(1) G' = GL(6), V = A^k^, 

(2) G = GL(1) X GL(7), V = A^k\ 

(3) G' = GL(2n), V = A^P"". 

For the definition of prehomogeneous vector spaces, see [7], [11], or [10]. The 
classification of irreducible regular prehomogeneous vector spaces is known [7]. 

For any algebraic group G, we denote the connected component of 1 in Zariski 
topology by G'^. If G is defined over a subfield of M, we denote the connected 
component of 1 of Gr in classical topology by Let {G,V) be one of the 

prehomogeneous vector spaces (l)-(3). Let H = SL(n) C G (n = 6, 7) or if = 
SL(2n). For x G let Gr, be the stabilizer and =Gr,n H. 

Consider the case k = Q. Note that H^_^ = H^. Let F C H^_^ = be an 
arithmetic lattice. The second author pointed out in [10], as a consequence of the 
Moore ergodicity theorem, that for almost all x G V^'^ such that H^^ has positive 
real rank, the set H^^_^T is dense in i^K. The purpose of this paper is to find 
an explicit irrationality condition on x that implies the density of this set, and to 
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interpret the result number theoretically. This provides an answer to part (2) of 
Question (0.5) in [10], for the three prehomogeneous vector spaces that we consider. 

The following theorem is the main result of this paper. In statements (l)-(3) 
of the following theorem, we consider the prehomogeneous vector spaces (l)-(3) 
respectively. Let W be the standard representation of GL(6),GL(7), or GL(2n). 
We identify A^W and A'^W with A^{W*)* and A'^{W*)* respectively. We define 
the notion of "sufl&ciently irrational" points in Definition (5.1)(l)-(3). 

Theorem (6.15) Suppose x e V^^ is sufficiently irrational and the real rank of 
^xR positive. 

(1) For any y = (yijk) £ A^M^ and e > 0, there exists a "L-hasis {tti, • • • ,tt6} of 
W| ^ such that 

IVijk - x{ui,Uj,Uk)\ < e 

for all i < j < k < 5 . 

(2) For any y — {yijk) G A^M.^ and e > 0, there exists a Z-basis {ui, ■ ■ ■ ,^7} of 
W| ^ such that 

\yijk - x{ui,Uj,Uk)\ < e 

for all i < j < k < 6. 

(3) For any y = {yij) G A^R^"'"-'^ and e > 0, there exists a Z-basis {tti, • • • , tt2n} of 
^ such that 

\yij - x{ui,Uj)\ < e 

for all i < j <2n — 1. 

§1 The orbit space Gk \ (1) 

We describe the orbit space Gk \ V^^ in §§1,2. We do not need the GL(l)-factor 
for cases (1) and (3), because having an extra GL(l)-factor does not change the 
orbit space Gk \ V^^ for these cases. Let W be as in the introduction. Throughout 
this paper, for a basis {ei , 62, • • • } of W, we use the notation e^^ ...t^. = e^^ A • • • A e^^. . 

For case (3), Gk \ Vj^^ consists of a single point due to the well known fact that 
over any field two symplectic forms are equivalent. Let ei, ■ • • , e2n be the standard 
coordinate vectors of /c^"^. Let w — ei ^+1 + ■ ■ ■ + Cn 2n- 

Then Gk \ = GkW and 

G^ = Gl = H^ = H^ = Sp{2n). 

We consider case (1) for the rest of this section. Let G = GL(6), W = k^, and 
V = A^W. It is known (see [7, p. 80]) that this is a prehomogeneous vector space. 
Let {ei, • • • ,66} be a basis of W. It is known (see [7]) that the orbit of 

(1-1) W = ei23 + 6456 

is Zariski open in V. 
Let 

(1-2) d(AS)=(o °) 

for A,B e M(3,3). Then 

(1.3) Gl = {d{A, B)\A,Be GL(3), det A = detB = l}^ SL(3) x SL(3) 
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and is generated by and the element 
(1.4) 



T 



li 

h 



This imphes that the foUowing sequence 
(1.5) i^Gl^G^ 



Z/2Z 



which sends r to the non-trivial element of Z/2Z is exact. Moreover, this exact 
sequence is split. For these facts, the reader should see [7]. Note that the argument 
in [7] works over any ground field of characteristic zero. 

For any algebraic group G over k, let }l^{k,G) be the first Galois cohomol- 
ogy set. We choose the definition so that trivial classes are those of the form 
{fl'^fi'^}o-6Gai(fc/fc) ^ ^k) the cocycle condition is /lo-r = hrh'^ for a continu- 
ous map {ha}aeGa\Ck/k) from Gal{k/k) to G^. 

For x = gwe V^^ where g e G^, we define = {g'^g^'jaeGaiik/k) ^ H^/c, G^). 
This definition does not depend on the choice of g. Since H^(/s, G) = {1}, by [4, p. 
269], 



(1.6) 



Gk\Vi'3x^c^eIl\k,Gy,) 



is bijective. 

Let (B^2 be the set of isomorphism classes of extensions k' /k of degree either one 
or two. By the split exact sequence (1.5), we get a surjective map 



(1.7) 



av:Gk\ ^ ii\k, Z/2Z) ^ gja- 



For X e Gk \ V^^, we denote the field corresponding to av{x) by k{x). Let k{a) be 
the field generated by an element of the form a = \f^. We define = g^w where 
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Suppose a ^ k^ and a is the non-trivial element of Gal{k{a)/k). It is easy to 
see that g'^ = gaT. This implies that {gawY — 9a'TW = gaW- So Wa. € V^^ and 
k{wa) — k{a). Easy computations show that 



(1-9) Wa = ei23 + Q;^(ei56 - 6246 + 6345)- 

We determine G° ^ rationally. 
Proposition (1.10) If a ^ k^ , as an algebraic group over k, 

Gl^ = {gad{A,A'^)g-'\Ae SL(3),(,)} 

— SL(3)/i;(Q,). 
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Proof. In order to prove an isomorphism between two algebraic groups Gi, G2 over 
k, it is enough to prove natural isomorphisms between the sets Gii?, G2R of ir- 
rational points of Gi,G2 for all /c-algebras R. For this, the reader should see 
Theorem [6, p. 17]. 

Let R be any A;-algebra. For any finite Galois extension k'/k, v e Gal(/c'//c) acts 
onk' ®R by {x (g) r)" = ®r. We define R{a) = k{a) (g) R. Then 

Gl^R^{9eGl^^^^^\g^^g]. 
Over i2(Q;), we can express elements of as 
(1-11) gad{A,B)g-\ 

where A, B e SL(3)ij(o,). The element (1.11) is in G^^jj if and only if 

gadiA,B)g-' = g^,diA%Bnig^J-' 
= g^Td{A%B'')Tg-^ 
= g^d{B%A'^)g-\ 

This condition is satisfied if and only if S = . This proves the proposition. □ 
Note that 

9arg-'=['' -/a)- 

So the sequence 

1 ^ ^ ^ ^ Z/2Z ^ 1 

is also a split exact sequence. 

By Lemma (1.4) [5], H^(A;,G°^) is trivial for all a. So by Lemma (1.12) [5], we 
get the following proposition. 

Proposition (1.12) The map ay induces a bijection Gk \ V^^ = <ti2- 

This gives us an interpretation of the expected density theorem from the zeta 
function theory of this case and the zeta function is a counting function of 

C,k{a.) {s)C,k{a) (2)CA:(a) (3) 

for quadratic extensions k{a) (Cfc(a)('S) is the Dedekind zeta function). However, 
we will not consider the zeta function in this paper. For the zeta function theory 

of prehomogeneous vector spaces, see [9], [11]. 
If /c = M, Gk \ is represented hj wq = w and 

(1-13) Wi = ei23 - ei56 + 6246 " 6345- 

As in [7], we define a map : A^W A^W (S>W by 
(1.14) Dsivi Av2 A Vs) = V2 A (g) — Vi A V2 + A ^2 
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for Vi, V2, e W. 

For a; e Vfc, we define 

(1.15) = a; A D^i^x) G A^W (^W ^W* ®W ^ Roin{W, W), 

where x A (y <S> z) = {x A y) <^ z. 

It is proved in [7, p. 80] that there is a relative invariant polynomial A{x) of 
degree four such that = A{x)Iw where Iw is the identity map of W. This 
implies that 

(1.16) Aigx) = idetg)^Aix). 

Since has eigenvalues ±1 (see [7, p. 80]), A{w) = 1. Also since ch/c = 
and A{w) G /c, we may assume that A G k[V]. Note that det = —8a. So 
A(wa) — 64q!^A(w) = 64a^. Therefore, this gives us the following characterization 
of the field k{x). 

Proposition (1.17) For x G V^^, the field k{x) is generated by eigenvalues of S^- 

Let Exi, Ex2 be the eigenspaces of for the eigenvalues ±A(a;)5. It is known 
[7] that dim£^a;i = dim £'-52 = 3. Let Gr(3, 6) be the Grassmann of 3-dimensional 
subspaces of W. Let 

(1.18) X = (Z/2Z) \ (Gr(3, 6) x Gr(3, 6)), 

where Z/2Z acts by permuting two factors. 

Definition (1.19) Gr(a;) = {[E^i], [E^2]) e X. 

Since we are assuming ch /c = 0, /c-rational points of X are points which are set 
theoretically fixed by any a G Gal(A;/A;). If x G V^^^, Exi,Ex2 are conjugate. So 
Gr(x) is a fc-rational point of X. The following proposition is obvious. 

Proposition (1.20) If x G Vf and a G Gal(fc/A;), Gr(x^) = Gr(x)^. 

For general x G V^^, we cannot distinguish E^i and Ex2- But for later purposes, 
we choose E^ji and Eyj2 so that E^ji is spanned by ei, 62, 63 and E^2 is spanned 
by 64, 65, cq. It is proved in [7, p. 80] that E^^i (resp. £'^,2) is the eigenspace of 
for the eigenvalue 1 (resp. —1). 

§2 The orbit space Gk \ V^"" (2) 

We describe the orbit space Gk \ V^^ for case (2) in this section. Since this 
case has something to do with octonion algebras, we briefly recall the Cayley- 
Dickson process. Octonian algebras are often referred to as Cayley algebras also. 
For a reference, see [2, pp. 101-110] for example. Note that even though [2] 
assumes A; = R, the argument for the Cayley-Dickson process works over any field 
of characteristic zero. 

Definition (2.1) A normed k-algebra is a not necessarily associative finite di- 
mensional k-algebra A with multiplicative unit 1, equipped with a non- degenerate 
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symmetric bilinear form {x, y) for x,y E A such that the associated square norm 
\\x\\ = {x,x) satisfies the multiplicative property 

\\xy\\ — lli/ll- 

If ^ is a normed A;-algebra, we denote the span of 1 by Re (A) and its orthogonal 
complement {a; e ^ | (1, a;) = 0} by Im(^). Any x & A has a unique decomposition 
X = xi + X2 with xi e Re(A), X2 & Im(A). We denote Re(x) = xi,Im{x) = X2- We 
define the conjugation hj x = xi — x^- So Re(x) = + x). 

Given a normed /c-algebra A, we make two new normed /c~algebras A(±) as 
follows. As a vector space, 

A{±)=A®A. 
We define the multiplication and the norm by 

(2.2) {a^h){c^d) = {ac^dh^da-\-hc)^ 

||(a,6)|| = ||a||±||6||. 

Then we define 

((a,6),(c,d)) = ^(||(a,6) + (c,rf)|| - ||(a,6)|| - ||(c,ci)||). 

The algebra ^(±) becomes a normed A;-algebra by the above product and the 
bilinear form. We use the notation a + 6e for (o, 6). Note that if k contains -\/— T, 
e \/—le induces an isomorphism A{-\-) )• 

For a normed /c-algebra A, we define [x, y, z] = {xy)z—x{yz) for x,y, z & A. This 
is called the associator. If the associator is alternating, A is called an alternative 
algebra. It is known that if A is commutative, ^(±) is associative, and if A is 
associative, ^(±) is alternative. The above process is called the Cayley-Dickson 
process. It is easy to see that 

(2.3) Im(a + be) = Im(a) — be, a + be = a — be. 

The following lemma is proved in [2] . 

Lemma (2.4) (1) xy = yx, 

(2) {x,y) = Re{xy). 

(3) = XX. 

If A,B are normed /c-algebras, a homomorphism (p : A ^ B is a /c-linear map 
such that (/)(!) = 1, (t>{xy) = (j){x)(j){y), and ||(/>(a;)|| = The third condition 

implies {4>{x) , 4>{y)) — {x,y). So 0(Im(A)) C Im(i?). Suppose x,y E lm{A). Then 
{x,y) = Re{xy) = —Re{xy). So 

-Re{(l){x)(p{y)) = {<p{x),(i){y)) = {x,y) = -Re{xy), 

(l){Im{xy)) = 4>{xy - Re{xy)) = (j){x)(l){ij) - Re{xy) 

= (f>ix)(f>iy) - Re(0(a;)0(y)) = lm(0(a;)0(y)). 
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Conversely, is a homomorphism if the above conditions are satisfied. So we have 
proved the following proposition. 

Proposition (2.5) A k-linear map (j) : B is a homomorphism if and only if 

<^(1) = 1> 4>{lvcv{xy)) = lToa{(p{x)(p{y)), {(j){x) , 4){y)) = {x,y) 

for all x,y E Im(^). 
It is easy to see that 



(2.6) k{+) 



a —b 
b a 



a,b E k 



*:(+)(-) = M(2,2)t. 



For.W.e=(? -1). and the conjugation is 

a —b\ fa b 
b a J y—b a 

For k{+){—), ^ = ( Q '^1 ^ ' conjugation is 

a b\ ^ f d -b 
c d J \ ~c a 

Therefore, Re(a;) = |tr(a;) in both cases and the norm is the determinant. 

We define H = k{+){+), O = H(+), and O = M(2,2)(+). O is called the 
non-split octonion algebra (if k does not contain -\/^), and O is called the split 
octonion algebra. 

We consider properties of the split octonion algebra O. Let 

(2.7) C\x,y,z) = {x,yz) 

for x,y, z E O. Suppose x = xi + X2e, y = yi + 2/2^, and z = zi + Z2e. 
Lemma (2.8) 

Cix, y, z) = ^tT{xi{ziyi - y2Z2) + (yi^2 + Ziy2)x2). 

Proof Since yz = yizi - Z2y2 + {z2yi + y2^i)e, 

yz = ziyi - y2Z2 - {z2yi + y2^i)e, 
x((yz) = xi{ziyi - ^2^2) + (^1^2 + 2:1^2)3^2 

+ (-(^2yi + y2Zi)xi + X2{yizi - Z2y2))e. 
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Therefore, 

C{x,y,z) = Re{x{yz)) 

= Re{xi{ziyi - y2Z2) + (yi^2 + ^1^2)3:2) 

= ^tr(a;i(^iyi - ^2^2) + (yi^2 + Ziy2)x2). 

□ 

Note that tr(x) = tr(s) for x G M(2, 2). Also if x,y,z G lm(0), Xi + Xi = 
yi+yi = zi+zi = 0. Therefore, the above lemma and a straightforward argument 
shows that C{x,y,z) is an element of A'^Im(O)* (see (6.60) [2, p. 113] also). 

Let Eij be the 2x2 matrix whose (i, j)-entry is 1 and other entries are zero. 
Let 

(2.9) /i=(j ^-^y f2 = E,2, f3 = E,,e, U = -E2ie, 

h = —-£'21, /e = -E'22e, h = Ei2e. 

Then {/i, ■ ■ ■ , fr} is a basis for lm(0). Let ei, ■ ■ ■ , ey be the dual basis. Straight- 
forward computations (35 computations for (2)) using the above lemma shows the 
following proposition and the proof is left to the reader. 

Proposition (2.10) (1) Suppose 

Then \\x\\ = —xf + X2Xr, + x^xq + X4X7. 

(2) C = ^(6234 + 6567 + ei25 + 6136 + 6147)- 

Let W = lm(0)*. Wc choose the above basis {ci, ■ ■ ■ , 67}. Let G = GL(1) x 
GL(VF), V = A^W. The GL(l)-factor acts by the usual multiplication. We need 
this factor for number theoretic reasons unlike case (1). It is known [7, p. 83-87] 
that this is a prehomogeneous vector space and the orbit of 

(2.11) W = 6234 + 6567 + 6125 + 6136 + 6147 

is Zariski open. 

We use the operation D3 defined in (1.14) again. For x eV, we define 

(2.12) = x{A, (8))L»3(x)(A, ®)D3{x) G a'^W ®W ®W ^W, 

where (A, (8)) means the wedge product for the first factor and the tensor product 
for the second factor. Let (j) :W ®W ^ Sym^VF be the canonical map. 

Definition (2.13) Qa: = 0(5a;)- 

We regard and x as elements of Sym^(Vl^*)* ^ Sym^Im(O)* and A^{W*)* 
respectively. So Qx is a quadratic polynomial on W* and x is an alternating tri- 
linear form on W*. We use the same notation Qx for the associated bilinear form 
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on W*. We define the action of GL{W) on W* by gf(v) = f(g~^v). In this way, 
wc identify GL(VF) and GL{W*). Note that if we use bases for W,W* which are 
dual to each other and identify GL(VF), GL(VF*) with the set of 7 x 7 matrices, 
g G GL(7) corresponds to ^g~^ by this identification. It is easy to see that 

(2.14) Qit,g)x = tHdetg)gQ^ 

(we are taking the determinant considering g G GL{W)). 

We used the software "MAPLE" [1] to compute Qx (or x = w and 

(2.15) ty' = 6234 + 6346 + 6127-6145. 

For example, to compute Qw', we associate a differential form dx2/\dxsAdx4 + - ■ ■ 
to w' and the input is as follows. 

> with(dif forms) ; 

> deff orni(xl=0,x2=0,x3=0,x4=0,x5=0,x6=0,x7=0) ; 

> w:= &"(d(x2) ,d(x3) ,d(x4))+&"(d(x3) ,d(x4) ,d(x6)) 
+&'-(d(xl) ,d(x2) ,d(x7))-&^(d(xl) ,d(x4) ,d(x5)) ; 

> v:= X2*d(x3)&-d(x4)-x3*d(x2)&"d(x4)+x4*d(x2)&-d(x3) 
+X3*d(x4)&"d(x5)-x4*d(x3)&"d(x5)+x5*d(x3)&~d(x4) 
+Xl*d(x2)&"d(x7)-x2*d(xl)&"d(x7)+x7*d(xl)&"d(x2) 
-xl* d(x4)&" d(x5)-x4*d(xl)&"d(x5)+x5*d(xl)&"d(x4) ; 

> w&"v&"v; 

The result is 

(2.16) Qu. = 6(-ei + 6265 + 6366 + 6467), 

Qw' = 6(-eie4 + 6263). 

Since Qw is non-degenerate, the discriminant of Qx is a non-zero relative invari- 
ant polynomial of degree 21 and this reproves the existence of a relative invariant 
polynomial. Since Qw is irreducible, Q^ is irreducible as a polynomial of f G W* . 
If Qx is divisible by a non-constant polynomial p{x) of x, p{x) is a relative invariant 
polynomial. Since Qw' is degenerate, p{w') = 0. But since Qw' is non-zero, this is 
a contradiction. So we get the following proposition. 

Proposition (2.17) As a polynomial of{x,v) G V ®W*, Qx{v) is irreducible. 

If ^ is a normed fc-algebra, Re{A) is contained in the center of A. So the 
structure of A is determined by its restriction to Im(^). On W*, we define a 
product structure ( • )a; depending on x by the equation 

(2.18) ^x{vi,V2,V3) = Qx{vi, {V2 ■ Vs)x) 

for all vi,V2,vs G W* . It is known [7, p. 86] that {G,V) has a relative invariant 
polynomial A(a;) of degree seven. Since chA; = 0, we may assume that A(a;) G k[V] 
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and A{w) = 6. Clearly, A{{t,g)x) = f (det g)^ A{x) . For x e V^^ and v e W^, we 
define 

(2.19) \\v\\^ = A{x)-^Q^{v). 

Definition (2.20) O^; is the algebra k®W* such that W* = Im(Oa;). The norm is 
defined by \\v\\ = \\v\\x for v e W* , and the product v\V2 for vi,V2 G W* is defined 
by 

Re(fif2) = -A{x)~^Qx{vi,V2), Im(t)it)2) = {vi ■V2)x- 

If X = w, the product structure and the norm of Oyj coincide with those of O 
by Proposition (2.10). Therefore, = O and is a normed A;-algebra. Suppose 
x,ye , (t, g)&G^, and y = (t, g)x. Then we define m^^y^^t,g) ■W*^W* by 

(2.21) rnx,y,it,g) (v) = (det g)gv 

for V e W*. Note that we are taking the determinant of g considering g G GL{W). 
Proposition (2.22) (1) For allx G V^^, O^; is a normed k-algebra and is a k-form 

of 6. 

(2) Ifx,y G V^^^, {t,g) G Gj^,andy = {t,g)x, rUj-y^^^g^ is an isomorphism of normed 
k-algebras from O^,^ to Oy^.. 

Proof. Let m = mx^y^{t,g)- Then 

Qyigvi, {m{v2) ■ m{v3)y) = f^idet gfQy{gvi, {gv2 ■ gvz)y) 

= 3t^{det gfy{gvi, gv2, gvs) 
= Sf^idet gfg~^y{vi,V2,V3) 
= 3t^{detg)'^x{vi,V2,V3) 
= t^(detgfQa;{vi, {v2 ■ vs)x) 
= t^ det gQy{gvi,g{v2 ■vs)^;) 
= Qy{gvi,m{v2 ■ vs)^) 

for all vi, V2,vs G W* . 

Therefore, (m(f2) • m{v^))y = m{y2 ■ v^)x- Since 

A{y)-^Qy{m{v^),m{v2)) = {t'' (det gfyH^det gfAix^Qyigvu gv2) 

= {t^ det g)-^A{x)-H^ det gQx{vi,V2) 
= A{x)-^Qx{vuV2) 

for all vi,V2 G W*, m preserves the norm also. 

Since is a normed A;-algebra, this proves both (1), (2). □ 

Let D he the set of A;-isomorphism classes of A;-forms of O. We regard Aut (O) C 
GL(Im(0)). 
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Lemma (2.23) If g e Aut (O), det ^ = 1. 

Proof. Since Qwigvi, gv2) = Qw{vi,V2) for all vi,V2 G W* , {det g)'^ = 1. Since 
g{vi • V2)w = {gvi ■ gv2)w, gw = w by (2.18). It is proved in [7, p. 86] that if 
g eGy,n GL{W), (det g)^ = 1. This implies det g = (det ^)^/(det g)^ = 1. □ 

Proposition (2.24) The map 

av:Gk\ 3x^0^eO 
is well defined and is bijective. 

Proof. If x,y E V^^, (t, g) e Gfc, and y = (t, g)x, then mx^y^(t,g) is a fc-isomorphism. 
Therefore, the above map is well defined. Suppose x,y E V^'^ and g' : O^; — > Oy 
is a /c-isomorphism. Regarding g' G GL{W)k (by considering the contragredient 
representation), let t — {detg')^, g — {det g')~^g' . Then {t,g) G Gk and det gg = 
g'. Since A(a;)~^(5a;(i'i, i'2) = ■^(2/)~''^Qj/(^''t'i) ^'^2) for all vi,V2 G W^*, by a similar 
argument as in Proposition (2.22), Q(^t,g)-'^y = Qx- So 



Sf^idet gfg~^y{vi,V2,V3) = 3y{gvi, g'v2, g'vs) 

= Qyigvi, {g'v2 ■g'v3)y) 

= Qy{gVl,g\v2 ■ f3)x) 

= det gQy{gvi, g{v2 ■ ^3)^) 

= t^{detgfQ(^t,g)-^{vi, {v2 ■ t'a)^) 

= t^{det g)'^Qj:{vi, {v2 ■ I's)^) by the above remark 

= 3t^{detg)'^x{vi,V2,V3) 

for all fi,f2,f3 G W*. 

Therefore, y = {t, g)x G G^x. 

Let ^ be a fc-form of O corresponding to a cohomology class c G H^(A;, Aut (O)). 
Suppose c = {her} a- Then 

Im(A)fc = G lm(0)^ | Kv" = v for aU a G Gal(^/A;)}. 

Since Aut (O) C GL(Im(d)) and H^(/c, GL(Im(d))) is trivial, there exists g' G 
GL(0)^ such that c= {g'~^g"^}a- Then 

Im(^)fe = G lm(0)fc I g'~^g"'v'' = v for all a G Gal(^/A;)} 
= G lm(0)fc I g"'v'' = g'v for all a G Gal(^/A;)} 
= {v e lm(0)^ I ^'•u G lm(0)fc}. 

So A is characterized as the A;-form such that g' induces an isomorphism lm(0)^ — > 
Im(^)fc. 
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Let t = {detg'f and g = (det^')~V- Then {t,g) e G^. By Lemma (2.23), 

(t,g)-\t,gY ^{l,g'-^g'")eG^-^. 

So this defines a cohomology class in Y{^{k,Gw)- This implies that x = {t,g)w G 
V^^. Since g' = myj^^^{t,g)-, d' induces an isomorphism from lm(0)^ to Im(Oa:)^. 
Therefore, A^Q^. '□ 

Remark (2.25) It is proved in [7], [4] that Gfc \ 14^' = H^/c, Aut (O)). So the 

credit for the existence of a bijcctivc correspondence between \ V^^^ and Q should 
go to Sato-Kimura [7] and Igusa [4]. However, we constructed O^; G D for x G V^?^, 
and the fact that this particular correspondence is bijective still required a proof. 
The operator was considered in [7] . The fact that the stabilizer of tt; is a group 
of type G2 at least goes back to [7] . 

For the rest of this section, we describe the orbit space Gr\V^^'^ = GL(VF)]r\ Vj^®. 
We will show that Gr \ consists of two orbits corresponding to O, O. 

It is known that O, O are the only R-forms of O. We can identify H with C(+) 

by 

a + bi + cj + dk ^ (a + bi) + (c + di)e. 
So H (8) C and M(2, 2)c are isomorphic by the map 



a + bi + cj + dk 



a + -b + y/^d 

b + \/—ld a — \/—lc 



for a,b, c, d E C (see (2.6)). 

Therefore, by considering O = IHI(+) 
isomorphic by the map 



M(2,2)(+) 



C and O (g) C are 



(piiVi^ + y23 + y^k) + (1/4 + 2/5i + i/ei + y7k)e) 



v^y2 

yi + V^y3 



-yi + V^ys 

-V^y2 



+ 



y4 + V^ye -yb + v^y? 



Let y = {yii + y2j + y^k) + (2/4 + y^^i + y^j + y'jk)e. We define 
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Note that det^i = 2^. So we put t = 2^, g = following the argument of 

Proposition (2.24). Then detgg = gi. 

Consider {t,g) G GL{W). Since tgv = 2^giv for v eW,hy {t,g), (ei,--- ,67) 
maps to 2^(ei, • • • , er)gi. By an easy computation, 

(2.26) wi = (t, g)w = 2^(ei45 - eier + 6347 - 6356 + ei23 + 6246 + 6257)- 
By the proof of Proposition (2.24), wi corresponds to O. It is easy to see that 

(2.27) \\^^y)\\^=yl^...^yl 

Since A(w;i) = 2^ ■ 6, Q^M = 2^ • 6(y? + • • • + yf). Since H^^ C SO(g„J, the 
real rank of H'^^^ is zero. 

§3 Intermediate groups 

For X G V^^^, let f)x be the Lie algebra of H^. Consider the element w for cases 
(l)-(3). Let f)i = i)w and f)2 = sl(6), sl(7), or sl(2n). In this section, we consider 
Lie subalgebras of f)2 containing 

We first consider case (1). Clearly, 



(3.1) 

Let 
(3.2) 



^1 = 



A 
B 



ti{A) = tr(S) = 0\. 



Ui = 

U2 
I 



u 





U 

h 

-I3 



Obviously f)i is contained in the following Lie algebras 



C/eM(3, 3)}, 
U e M(3, 3) 
a ^ k 



(3.3) 



^3 = f)l ® Ui, 1)4 = f)l ® U2, 

= f)l ® t, f)3 = ^1 ® Ui ® t, ^4 = f)i ® U2 ® t. 



Proposition (3.4) // l^i C f C f)2 is a Lie subalgebra, f = i)i,i)'i,i)2,^3,i)z,^4, or 
Proof. As a f)i-module, f)2 decomposes as a direct sum of representations as 

(3.5) {)2 = t)l ©Ui ©U2 © t. 

Let Ai,A2 be the usual fundamental weights of sl(3), and Vi,V2 the irreducible 
representations with highest weights Ai , A2 respectively. 
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Then Ui = Vi(8)V2, U2 = V2'8)Fl, and t is the trivial representation. Let V3 be the 
representation of sl(3) with highest weight Ai + A2. Let ^3^1 be the representation 
of [)i which is the tensor product of V3 for the first factor of sl(3) and the trivial 
representation for the second factor of sl(3). We define Vs,2 similarly. Then [)i is 
Vs,! ® V3,2 as a representation of No two of these irreducible representations 
are equivalent. So 

(3.6) f = f)i©(fnui)©(fnu2)©(fnt). 

Clearly, f fl Ui = Ui or 0, etc. Since l^i,Ui,U2 generate f)2, if f contains both 
Wi,U2, f = f)2- This proves the proposition. □ 

We define Hyji = , Hw2 = H and 

e SL(3), U e M(3,3)| , 
A,Be SL(3), U e M(3,3)| . 

If = M and x — gw for g G Gr, we define 

(3.8) H^m = Hx2R = H^, 

Hx3R = gHw3Rg~^, Hj;4R = gHw4^g~^. 

This definition does not depend on the choice of (7 G Gr. 

Proposition (3.9) Suppose x G G^w. Then if C F C is a closed 

connected subgroup whose radical is a unipotent subgroup, F — H^m-, Hx2R, -f^xSR? 
or Hx4R- 

Proof. Let f be the Lie algebra of F. Then C g~^fg C ()2r. So g^^fg = 
f)iK, h'm^ ^2R, ^3R, f)4R, Or ^'^g- ^ut it Cannot be ^'^r, ^'3^ or f)'^^ because the 
radical of F is a unipotent subgroup. This proves the proposition. □ 

We consider the orbit of wi (see (1.13)) next. Let g^^ = g,y-i (see (1.8)). 

Proposition (3.10) Let x = gwi for g G Gr. Then if H^^_^ C F C i?R is the 
connected component of the set of M.-rational points of an algebraic group defined 
over Q whose radical is a unipotent subgroup, F = H^j^_^ or H-r. 

Proof. As in the previous proposition, we only have to consider the case x = wi. 
Let f be the Lie algebra of F, and Fc C He the closed connected subgroup whose Lie 
algebra is fc- Then the radical of Fc is a unipotent subgroup and F is the connected 
component of the set of M-rational points of Fc- So by a similar argument as in 
Proposition (3.9), fc = f^wiic, f)«;i2C, f^wiSC, or 'i)yj^4c- We show that the last two 
cases cannot happen. Since the argument is similar, we only consider the case 

f = f)wi3C- 

This implies that 

A,SgSL(3)c, C/gM(3,3)c|. 



(3.7) i..3 = {(^ I) 



Fc 



9wi 



A C7 ^_ 1 

S / 
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The element g^^ ^ ^ ^ g^^ is an M-rational point if and only if B 



A and 



C/ = 0. So 



A 



A j^""^ 



AeSL(3)c|=iy°,M+- 



This implies f = '^w^'Ri which is a contradiction. □ 



Next, we consider case (2). Let f)3 = so{Qy,). 

Proposition (3.11) Suppose k is algebraically closed. Then z/ f)i C f C f)2 «s a Lie 
suhalgehra, f = f)2, or f)3. 

Proof. Recall that f)i is the simple Lie algebra of type G2 and \)i C \)z C f)2- Let 

W be the standard 7 dimensional representation of sl(7). As a representation of 
is irreducible and has highest weight equal to a fundamental weight Ai. 
There are no non-trivial representations of [)i of lower dimension. The f)i-invariant 
complement to [)i in ()3 is 7 dimensional and non-trivial (as f)3 is simple). Therefore 
^3 = f)i © W. Now consider [)3 C t)2. Let 6 be the order two automorphism of f)2 
defined by 9{X) = — *X (the adjoint with respect to Qw)- Then the fixed point set 
of 6 is [)3. Write f)2 = 1)3 © the ±1 eigenspace decomposition for 9. Then [t/, U] 
is contained in f)3 and is t)3-invariant, so \U, U] = [)3. Note that [)2 = (S> W* 
and = VF*, as [)2-representations. Because the weight 2Ai does not occur in [)3, 
this implies that the representation U has highest weight 2Ai. The irreducible 
representation with highest weight 2Ai has dimension 27 [7, p. 21], the same as t/, 
so U is irreducible. Thus, f)2 = f)i © VF © as representations of 

Now suppose that f is a subalgebra with [)i C f C f)2 with f 7^ 1)3. Then if f 
contains U it contains 1)3, so must equal [)2- The proposition follows. □ 

Corollary (3.12) Suppose x G . Then if H^^_^_ C F C -f^K is a closed connected 
subgroup, F = H^^_^, SO{Qa;)R, or Hm.. 

Proof. Let f be the Lie algebra of F. Then f)^c C fc C i)2c and f = fcnf)2. Suppose 
X = gw where g e Gc- Then 

g~^i)xcg = J)ic C 5'"^fcfi' C [)2C- 

So g~^fc9 = hic,so{Qyj)c, or f)2c. Therefore, 

fc = gi)icg~^ = ^xc,gso{Qw)cg~^ = so(Qa;)c, or i)2c- 

This implies that 

f = f)xK,S0((5a;)M, Or l)2R. 

□ 

Finally, we consider case (3). 

Proposition (3.13) IfH^^^ C F G is a closed connected subgroup, F = H^^_^ 
or Hr. 
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Proof. Let f be the Lie algebra of F. Then f)i C f C f}2- Let Ai, A2 be the first and 

the second fundamental weights of Then the standard representation Vi = W 
of [)i has the highest weight Ai. Let V2 be the irreducible representation of [)i 
with highest weight A2. Since w is a Gu;-invariant non-degenerate bilinear form on 
W*, W is equivalent to W*. So [)2 plus the trivial representation is equivalent to 
W ^W. Clearly W ®W = A^W © Syrn^W. It is known (see [7, pp. 14,15]) that 
A'^W is a sum of V2 and the trivial representation. As a representation of [)i 
is irreducible and has the same highest weight 2Ai as Sym^l^. By eliminating the 
trivial representation, 

f)2 = f)i e V2. 

Since V2 are not equivalent, f = f)i © (f n V2). So f = [)i or [)2. □ 

Since V^^ is a single G]R-orbit in this case, the following is an immediate conse- 
quence of the above proposition. 

Corollary (3.14) Suppose x G V^^. Then if H^^_^_ G F C. i^K is a closed connected 
subgroup, F = -f^°]R_,_, or i^R. 

§4 The fixed point set of H° 

We consider the fixed point set of for x e V^^. Throughout this section, we 
assume that k is algebraically closed. 

We first consider case (1). Let W be the standard representation of GL(6). 

Proposition (4.1) If y E Vk is fixed by H^^, there exist ai,a2 G k such that 
X = Q!iei23 + 0:26456 • 

Proof. We use the notation of (3.1)-(3.6). Let be the representation of f)i 
which is the tensor product of Vi for the first factor and the trivial representation 
for the second factor. We define Vi,2 similarly. Then = Vi,i © Vi,2- Therefore, 

(4.2) A^W = aVi,i © (aVi,i © Vi,2) © (Vi,i © aVi,2) © aVi,2. 

The second and the third factors are irreducible and non-trivial, and the first and 
the fourth factors are the trivial representation. Therefore, the dimension of the 
subspace 

{yeV\gy^yfor all g E J 

is two. 

Obviously, 016123 + 026456 belongs to the above space for all 01,0:2 G k. This 
proves the proposition. □ 

The following is an immediate consequence of the above proposition. 
Corollary (4.3) Let x e V^"". Then if y e Vk is fixed by H^,^, Gr{y) = Gy{x). 

We consider case (2) next. Let W be the standard representation of GL(7). 
Proposition (4.4) If y EVk is fixed by H^^, y is a scalar multiple of w. 

Proof. Recall that is a simple group of type G2 and W is the 7 dimensional 
irreducible representation with highest weight Ai. We show that the 35 dimensional 
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representation A^W contains the trivial representation k exactly once. The weights 
of W are the short roots of together with zero, so the non-zero weights form 
the vertices of a regular hexagon centered at 0. Therefore, by listing the non-zero 
weights ai, . . . ,aQ in the order they appear around the hexagon (with ai — Ai), 
we have ctj-i -I- ctj+i = ctj for 1 < z < 6 (with subscripts read modulo 6). So one 
sees that the highest weight of A^W is 2Ai (from the sum as + «i + CK2) and the 
multiplicity of the zero weight is 5 (from the three sums of the form — cti + + ai 
and the two sums of the form ai + ai^2 + C(i+4)- Since the irreducible representation 
with highest weight 2Ai has dimension 27 and must occur, 8 dimensions remain. As 
the smallest non-trivial representation of G2 has dimension 7, the only possibility 
is W plus one copy of the trivial representation. Thus, A^W = U ®W ® k. □ 

The following is an immediate consequence of the above proposition. 

Corollary (4.5) Let x G V^^. Then ifyEVk is fixed by H^j^, y is a scalar multiple 
ofx. 

Finally we consider case (3). Let W be the standard representation of Sp(2n). 
As we pointed out in §3, A^W is a sum of a non-trivial irreducible representation 
and the trivial representation. Therefore, the following proposition follows by an 
argument as above. 

Proposition (4.6) Let x e V^^. Then if y e is fixed by H^f^, y is a scalar 
multiple ofx. 

§5 The orbit closure 

In this section, we formulate irrationality conditions for x G V^^ for cases (1)- 
(3) and prove that the orbit of H^^_^ in H^/F is dense if a; G V^^ is sufficiently 
irrational. 

Consider case (1). Let G, V, W, wq = w,wi, etc. be as in §1. 

Definition (5.1) (1) A point x G G-rw is sufficiently irrational if both [Exi], [Ex2] G 
Gr(3, 6)c are irrational and Gt{x) G ((Z/2Z)\(Gr(3, 6) xGr(3, 6)))k is irrational. A 
point X G Gm.wi is sufficiently irrational i/Gr(a;) G ((Z/2Z) \ (Gr(3, 6) x Gr(3, Q)))r 
is irrational. 

Note that if x G G]^wi, i?a;i,-E'x2 are complex conjugates of each other. So 
the irrationality of one of [^'aii]? [Ex2] implies the irrationality of the other. Also 
even though we cannot distinguish [E^i], [Ex2], if we say both are irrational, the 
statement makes sense. 

Next consider case (2). Let G, V,W, etc. be as in §2. 

Definition (5.1)(2) A pointx G V^® is sufficiently irrational if[Qx\ £ P(Sym^VF)R 
is irrational. 

Next consider case (3). Let W be the standard representation of GL(2n) and 
V = A'^W. 

Definition (5.1) (3) A point x G V^^ is sufficiently irrational if [x] G P(F)r is 
irrational. 

Now we are ready to prove that the orbit of -ff^R . is dense. 
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Theorem (5.2) Let T C SL(VF)k be an arithmetic lattice. Then if x e V^^ is 
sufficiently irrational in the sense 0/ Definition (5.2)(l)-(3) and the real rank of 
^xR positive, H^-^jV is dense in H^. 

Proof. Note that the real rank of H'^^ is positive for all x e V-^ for cases (1), (3), 
and for x G G^w for case (2). 

The proof for case (2) is the same as the proof of Theorem (5.1) [10] (using 
Corollaries (3. 12), (4. 5)). The proof for case (3) is also similar using Corollary 
(3.14) and Proposition (4.6). So we only consider case (1). 

By Ratner's theorem (see the introduction of [10]), there exists a connected 
closed subgroup C F C SL(W^)m such that H\^V = FV. By Proposition 

(3.2) [8, pp. 321-322], F is defined over Q and the radical of F is a unipotent 
subgroup . So by Propositions (3.9), (3.10), F = H^m, Hx2R, H^sm, or H^ar- 

Suppose F = -ff°K+- Since F is defined over Q, for any a e Aut (C/Q), F^ = Fc- 
So H^crc = H^c ~ ^xC- Since this group fixes x^ , 



by Proposition (1.20) and Corollary (4.3). Since this is the case for all u, Gr(a;) is 
a Q-rational point of (Z/2Z) \ (Gr(3, 6) x Gr(3, 6)), which is a contradiction. 

Suppose F = -ffxSM or -f^x4M (which means x G G^w). Since the argument is 
similar, we only consider the case F — Hxsr- Suppose x — gw for g e GL(W)c- 
Then if cr e Aut (C/Q), = g^'w and 



Since this group is defined over Q, H^sc = -f^xsc ~ H^^^c- Note that [E^^i] e 
Gr(3,6)c is the unique point fixed by Hyj^c- Since g[Eyji] (resp. g"'[Eyji\) is fixed 
by -ffxsc (resp. H^'^sc), 9[Ewi] = g'^lEwi] = igiEwi])" ■ Since this is the case for aU 
o", (/[F^yi] must be a Q-rational point of Gr(3,6). So either [E^i] or [-E'x2] is a Q- 
rational point of Gr(3, 6), which is a contradiction. This proves that F — H^. □ 

§6 Analogues of the Oppenheim conjecture 

We prove our main theorem of this paper in this section. 

We consider case (1) in (6.1)-(6.6). Consider V, W, {ei, • • • , cq}, v, wq — w, wi in 



Proposition (6.1) Let y — {uijk) G A"^M^, and e > 0. Then there exist zq = 
{zo,ijk) e Gmwo and zi = {zi^ijk) e GrWi such that \yijk - zi^ijk\ < e for I = 
0,1, 1 <i < j <k <5. 

Proof. Let z = (zijk) and 



Gr(a;)^ = Gr(a;'^) = Gr(a;) 




§1- 



(6.2) 
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Note that z e G^wq (resp. z e G^w\) if and only if i^{z) > (resp. A{z) < 0). 
It is proved in [7, p. 83] that 

(6.3) Aiz) = {Z123Z456 - tr(Xy))2 + 4^123 det Y 

+ Azi23 det X - 4 ^ det X^- det Yji, 

where X^j, Yji are the (i, j)-minor and the (j, i)-minor of X, Y respectively. 

As a polynomial of 2:456, this is a quadratic polynomial and the coefficient of 
z^^Q is -Zi23- Given y, we can choose 2:123 7^ close to ^123. By taking 2:455 ^ 0, 
A{z) > 0. So the existence of zq follows. 

We try to choose zi so that zi^ijQ = unless = (1,5), (2,4), (4,5). So wc 
assume ZijQ — unless — (1,5), (2,4), (4,5) in the following. We first choose 
-^123 7^ close to yi23- Then 

(6.4) A{z) = ^^23(^456 - z^^\tr{XY)f + 4^123 det Y 

+ 4(^456 - z^23^r{XY)) detX 

+ 42j;23tr(Xr) det X - 4 ^ det Xij det Yji. 

As a quadratic polynomial of 2:455 — 2:^^23^^ ("^^)) (6-4) can take a negative value 
if the discriminant is positive. Let 

(6.5) /l(^) = 162:123 ( — ^123^345 + 2:2342:135 + 2:145^235) 

Then a simple consideration shows that there exist polynomials 72(2), fsiz), f^iz) 
which depend only on {zijk)i<j<k<5 such that the the discriminant of (6.4) is 

(6.6) /l(2)2i562246 + /2(2)2i56 + /3(2)2246 + /4(2). 

Note that if / is a non-zero polynomial on a real vector space Ur, the set {p G Ur \ 
f{p) 0} is open dense in Uk. in classical topology. Since fi{z) is not identically 
zero, we can choose {zijk)i<j<k<5 close to y so that /i(2) ^ 0. If /i(2) > 0, we 
choose 2:156 = 2:246 ^ 0. If /i(2) < 0, we choose 2:156 = —2:246 0. In both cases, 
we can make (6.6) positive. □ 

We consider case (2) in (6.7)-(6.13). Consider V, W, {ei, • • • , ey}, v, w in §2. We 
use the notation ej^...j^. = e^^ A • • • A Cj^, as before. 

Proposition (6.7) Let y = (yijk) £ A^M^, and e > 0. Then there exists z = 
(zijk) e G^w such that \yijk - Zijk\ <eforl<i<j<k<6. 

Proof. We try to choose z so that z e V^^, Qz{vi) > 0, and Qzivr) < 0. This 
condition ensures that is indefinite and therefore, z e Grw. Let 



(6.8) 



V^' ' ' 0-,/c,/,/c',/',/c"} = {2,...,7} 



,J ,J ) 



h = {{j,k,j'k') I j < k,j' < k', {j,k,j',k'} = {3,4,5,6}}. 
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Lemma (6.9) (1) The coefficient of vf inQg is 

U Al Ul ill UII\rzT. ^"^ / 



0-,fe,i',fc'j",fe")e/i 
(2) The coefficient of in Qg is 

1 ••• 6 

sgn y 

{i,j,i',r,i",j")^l2 

Proof. We consider (1) first. Consider z A D2{z) A .03(2;). 



f2{z) = J2 ( 

A/ Al All All\r- r_ \ 



I Zij7Zi'j'7Zi"j"r- 



(6.10) Ds{z) = ^2 ^i'j'k'iejik' <8) Bi' - Bilk' (8) eji + eiiy ®ek'). 

i'<j'<k' 

Since j' ,k' > 1, the terms in the right hand side of (6.10) which has ei as the 
second factor are those with i' = 1. Therefore, 

(6.11) z A Ds{z) A Dsiz) 

= X X X XijkXij'k'Xij"k"eijk A Cj'k' A Cji'k" ® ei ei 
\i,j,kj',k' j",k" J 

+ ••• . 



Clearly, Cijk A ejik' A ej"k" = unless i = 1 and (j, k,j', k',j",k") G Ii. So we 
only have to consider indices in Ii. If (j, k,j', k' ,j" , k") G /i. 



2 • • • 7 

eijfc A Cj'k' A ej"k" — sgn I . _ ^ ) 623456?- 

This proves (1). 
Note that 

Bij7 A Ci'ji A ei'ij'i = Cij A Ci'ji A einjn A ey. 

So (2) is similar. □ 

We consider z such that Zij'r — unless (z,j) = (1, 2), (3, 4), (5, 6). Note that 
this has no effect on Zijk with i < j <k <Q. We define 

(6.12) fz{z)= sgnn zijkZij'k'- 

{j,k,j',k')ei3 ^ 

The following is an immediate consequence of the above Lemma. 

Corollary (6.13) Suppose Zijr — unless {i,j) = (1, 2), (3, 4), (5, 6). Then there 
exists a polynomial f4{z) which does not depend on ^127, 2:347, 2:567 such that 

fl{z) = 82:127/3 (^) + f^iz), f2{z) = Qzi27Z347Z567- 
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Since fsiz) is non-zero, we can choose {zijk)i<j<k<6 arbitrarily close to y and 
fsiz) 7^ 0. If fsiz) > 0, we choose ^127 ^ 0, zsajz^q^ < 0. If fsiz) > 0, we choose 
-2127 ^ 0, -2347-2567 > 0. In both cases, fi{z) > 0, f2{z) < 0. Since is open 
dense in Vk, we can replace z if necessary and assume that z e V^^. In this process, 
the condition fi{z) > 0, f2{z) < can be preserved. This completes the proof of 
Proposition (6.7). □ 

Now we consider case (3). So G = GL(2n), W = Q^^, V = A^W. In this case, 
V^^ is a single GR-orbit. So the following proposition is obvious. 

Proposition (6.14) Let y = (yij) e A^R^"'"^, and e > 0. Then there exist 
z = (zij) e such that \yij — Zij \ < e for l<i<j<2n— 1. 

Now we are ready to prove our main theorem. In statements (l)-(3) of the 
following theorem, we consider the prehomogcneous vector spaces (l)-(3) of this 
paper respectively. Let W be the standard representation of GL(6),GL(7), or 
GL(2n). We identify A^W and A'^W with A^{W*)* and A'^{W*)* respectively. 

Theorem (6.15) Suppose x G V^^ is sufficiently irrational in the sense o/Definition 
(5.1)(l)-(3) and the real rank of is positive. 

(1) For any y = (yijk) ^ A'^M^ and e > 0, there exists a Z-basis {ui, ■ ■ ■ ,uq} of 
W| ^ such that 

\yijk - x{ui,Uj,Uk)\ < e 

for all i < j < k < 5 . 

(2) For any y = (yijk) £ A^R^ and e > 0, there exists a "L-hasis {u\, ■ ■ ■ ,147} of 
W| ^ I7 such that 

\yijk - x{ui,Uj,Uk)\ < e 

for all i < j < k < 6. 

(3) For any y = (yij) G A^R^"'~^ and e > 0, there exists a I^-basis {ui, • • • , U2n} of 
^ Z^^ such that 



\yij - x{ui,Uj)\ < e 



for all i < j <2n — 1. 



Proof. Since the proof is similar we only consider case (1). For cases (2), (3) the 
argument is similar using Theorem (5.2) and Propositions (6.7), (6.14). 

By Proposition (6.1), we can choose z = (zijk) G Grx such that \yijk — Zijk\ < f 
for l<i<j<k<5. Since any element of Gr can be written as a product of an 
element of H-r and a scalar matrix, we can choose h' G i^K and A G M \ {0} so that 
h'~^x = Xz. Let 



/X-s \ 



h = h' 



1 



At 

V A-iy 



G Hm 



We put z' = h~^x. Then if z' = {z[j^), z'^^^ = Zijk for alH < j < A; < 5. 

By Theorem (5.2), H^^_^_Hz is dense in H^. So we can choose hi G H^r_^ and 
h2 G Hz so that hih2 is close to h. Then {hih2)~^x = h2^h^^x = h2^x is close to 
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z' = h ^x. Let /i, • • • , /e be the standard coordinate vectors of W* . Since h2 x is 
close to 2;', we can assume that 

fj, fk) - h2^x{fi, fj, fk)\ = \zijk - x{h2fi, h2fj,h2fk)\ < I 

for alH < j < A; < 5. 

Let til = /i2/i5 • • • = /i2/6- Since /i2 £ Hz, {wi, • • • , uq} is a Z-basis of W^. 
Moreover, 

|y,jfc - x{ui,Uj,Uk) \ < Ivijk - Zijkl + - x{ui,Uj,Uk)\ < e 
for all i < j < k < 5. This proves the theorem. □ 
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